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Abstract 
We tested a novel theoretical model that determines the steady water flux density 

in a porous medium from Fourier analysis of temperature variations induced by a cyclic 
heat pulse system. The model depends on the thermal diffusivity of the medium and on 
the relative spatial variation of the amplitude and phase of the first order sinusoidal 
component of the heat wave. The model was tested by using a hydraulic column made 
of a PVC pipe filled with sawdust. The sensor consisted of two hypodermic needles 
spaced 7 mm apart. One needle contained a heater and a thermocouple while the other 
contained only a thermocouple. Different combinations of heating and cooling cycles 
were tested. The flow was controlled by pressure head and volumetrically measured at 
the outlet of the tube. The experimental results supported the theoretical model. In 
particular, the convective index defined in terms of the variations of amplitude and 
phase of the first component of the heat wave was linearly related to the measured flux 
density, as predicted. The model was independent of the different combinations of 
heating and cooling cycles. The estimated water flux density was strongly related to the 
measured flux density (R2>0.99), having the same slope for the different combinations. 
The first results of this new approach of cyclic heat pulse system are very promising 
and suggest further studies and field applications. 
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INTRODUCTION 
Within the family of heat dissipation methods for sap flow measurement, the cyclic 

heating system (Do and Rocheteau, 2002; Lubczynski et al., 2012) was first applied in order 
to reduce the sensitivity to natural thermal gradients found in the constant heating method of 
Granier (1985). The cyclic heating system was based on intermittent heating of duration 
between 10 and 45 min, at regular intervals. Compared to the constant heating method, 
cyclical heating saves energy and can be applied to a single probe (Do et al., 2011). Shortening 
of the duration of heating has proven feasible (Nhean et al., 2019). However, estimations of 
sap flux density have so far been based on empirical calibrations, where the uncertainty is 
difficult to analyze (Flo et al., 2019). 

At the other end of intermittent heating systems lies the heat pulse family (Green et al., 
2003; Burgess et al., 2001; Vandegehuchte and Steppe, 2012), which uses very short heat 
pulse durations between 3 and 6 s and at least a triple needle configuration where the heat 
transmission is analyzed. These methods are largely based on the analytical model provided 
by Carslaw and Jaeger (1959) for a single pulse and used by Marshall (1958). Carslaw and 
Jaeger (1959) also presented a deterministic approach of cyclic heat pulse based on Fourier 
series analysis, but little progress has been made since then. 

The objective of this work was to develop and test a deterministic model of steady water 
flux density estimation in a porous medium based on Fourier harmonic analysis of cyclic heat 
pulse systems. The first hypothesis was that Fourier analysis provides an efficient model to 
determine water flux density. The second hypothesis was that the model is independent of the 
combination of heating and cooling cycles. 
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MATERIALS AND METHODS 

Theory 
Following Carslaw and Jaeger (1959), the theory considers first a steady periodic 

temperature variation in the region x>0 of a moving thermally homogenous medium with flux 
density Jm, in which the periodic changes of temperature at x=0 is given by Tocos(ωt + θ), 
where To is the maximum temperature variation, °C; ω and θ are the frequency (rad s-1) and 
phase (rad) of the temperature oscillation. The steady periodic temperatures T1 and T2 at two 
points x1 and x2 can be represented harmonically as a Fourier series, 

𝑇𝑇1 =  ∑ 𝐵𝐵𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐(𝑛𝑛𝑛𝑛𝑛𝑛 −  𝛽𝛽𝑛𝑛)∞
𝑛𝑛=0   (1) 

𝑇𝑇2 =  ∑ 𝐶𝐶𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐(𝑛𝑛𝑛𝑛𝑛𝑛 −  𝛾𝛾𝑛𝑛)∞
𝑛𝑛=0   (2) 

where Bn and Cn are the amplitudes, and βn and γn are the phases, of the temperature 
harmonics of order n at x1 and x2, respectively. 

Denoting the period by Τ=2π/ω, considering n=1 and defining 

𝛼𝛼 =  ln �𝐶𝐶1
𝐵𝐵1
�  (3) 

𝜑𝜑 =  𝛾𝛾1 −  𝛽𝛽1  (4) 

we deduce from Carslaw and Jaeger (1959) that the density flux Jm (m3 m-2 s-1) of the moving 
medium with thermal diffusivity κ can be written as: 

𝐽𝐽𝑚𝑚 =  2𝜋𝜋
𝑇𝑇

(𝑥𝑥2− 𝑥𝑥1)
𝜑𝜑

−  2𝜅𝜅
(𝑥𝑥2− 𝑥𝑥1)𝛼𝛼  (5) 

The thermal diffusivity κ can be determined in the zero-flow situation of Jm=0. Defining 
𝜑𝜑 = 𝜑𝜑0 and α=αo in this situation, 

𝜅𝜅 =  𝜋𝜋
𝑇𝑇

(𝑥𝑥2− 𝑥𝑥1)2

𝛼𝛼𝑜𝑜𝜑𝜑𝑜𝑜
  (6) 

Substituting (Equation 6) into (Equation 5) and rearranging gives 

𝐽𝐽𝑚𝑚 =  2𝜋𝜋(𝑥𝑥2−𝑥𝑥1)
𝑇𝑇 𝜑𝜑𝑜𝑜

 �𝜑𝜑𝑜𝑜
𝜑𝜑
−  𝛼𝛼

𝛼𝛼𝑜𝑜
�  (7) 

We assume that the theory can be applied to a composite medium as a plant stem or a 
sawdust column where the sap or the water is moving inside a stationary wood or a porous 
medium. Hence, we assume that the sap or water flux density Js should be proportional to the 
theoretical Jm. 

𝐽𝐽𝑠𝑠 =  𝑎𝑎𝐽𝐽𝑚𝑚  (8) 

Where a is a constant representing the effect of differences between the ideal conditions of 
the theory and the actual conditions of water or sap flowing in a finite porous medium 
imperfectly homogenous where probes of finite dimension are inserted with spacing error, 
flow disrupting effect (wounding) and other possible artifacts (Vandegehuchte and Steppe, 
2013) . 

The model of Equation 8 estimates the sap flux density flux (Js, m3 m-2 s-1) in relation to 
a steady periodic source heat pulse according mainly two terms, 
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2𝜋𝜋
𝑇𝑇

(𝑥𝑥2−𝑥𝑥1)
𝜑𝜑𝑜𝑜

  (9) 

�𝜑𝜑𝑜𝑜
𝜑𝜑
−  𝛼𝛼

𝛼𝛼𝑜𝑜
�  (10) 

The term (9) is the heat wave speed at zero flux density. The term (10) describes the 
“convective index” which expresses the change induced by Js on the heat wave speed. 

The ratio 𝝋𝝋𝒐𝒐
𝝋𝝋

 is related to the variation of the heat wave phase, as the ratio 𝜶𝜶
𝜶𝜶𝒐𝒐

 is related 
to variation of the heat wave amplitude. 

Experimental set up 
The model of Equation 7 was tested by using a hydraulic column made of a PVC pipe 

filled with sawdust. The water flow was controlled by pressure head. The flux density was 
calculated by measuring the volume of water at the outlet for a given time, divided by the area 
of the PVC pipe (50 mm diameter). The water flux density (Jw) ranged from 0 (zero) to 293 
10-6 m3 m-2 s-1. 

The sensor consisted of two hypodermic needles, 3 cm long, 1.5 mm in diameter and 7 
mm apart. The heated needle contained a heater (constantan wire of 15Ω) and a 
thermocouple. The downstream needle contained only a thermocouple. The heater probe was 
taken as the origin (x1=0) and the other probe was put 7 mm apart (x2=0.007 m). The heat 
pulse was obtained by applying a voltage of 5V controlled by a datalogger (CR1000, Campbell, 
Logan, UT). The measurement of the temperatures took one second of scan time. 

Six combinations of time durations of heat pulse and total cycle of heating/cooling 
(period) were tested, in seconds: 60×120, 15×150, 90×180, 120×240, 30×300, 60×360. 

RESULTS 
In all combinations of heating and cooling time, the flux density of water altered both 

the phase and the amplitude of the first harmonic of the heat wave analyzed by Fourier series 
as shown for 15×150 s in Figure 1. The ratios of amplitude and phase had inverse 
relationships with the flux density Jw (Figure 2a). As expected by the model, the convective 
index (Equation 10) had a linear relationship to the flux density Jw (Figure 2b). 

The estimations from the model based on the convective index were strongly related to 
the measured values of water flux density in the sawdust column whatever the heating and 
cooling cycle used (Figure 3). The convective indexes were calculated from the measured 
phases shift and amplitudes gap according the theory (Equation 7). 

The intercept of the regression was close to the origin (1.55), indicating little systematic 
error. The common slope of 0.78 differed significantly from 1. This slope reflected the 
coefficient a of Equation 8. 

DISCUSSION 
The results demonstrated that the harmonic analysis provides an efficient model to 

determine water flux density. The convective index based on the variations of amplitude and 
phase of the first component of the heat wave was strongly linearly related to the measured 
flux density. As expected, the relationship between the flux estimated by the model and the 
measured water flux density was also strong and linear. The found slope (0.78) represented a 
calibration coefficient between the ideal system of the theory and the artifacts coming from 
the practical conditions of measurement. This value will likely change according a variety of 
conditions (wood type and size, probe type, insertion, etc.). Studies are needed to describe the 
operational range and clarify the point. However, these artifacts of thermometric methods are 
quite well known (Vandegehuchte and Steppe, 2013). 
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Figure 1. Comparison of the amplitude and phase of the first harmonic of Fourier series 
obtained from measured temperature values: (solid line) zero flux density  (J = 0) 
and (dashed line) high flux density (J =  293 10-6 m3 m-2 s-1) at the position x1 = 0, 
in a sawdust column, combination 15x150 sec. 

 

Figure 2. Relationships of measured flux density with (a) the ratios of thermal amplitude 
(α/αo) and difference of phase (φo/φ) and (b) the convective index. The 
temperatures were measured at sawdust column at the position x=0 mm and x=7 
mm; heat pulse of 15 s with a period (T) of 150 s. 
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Figure 3. Measured water flux density versus flux density estimated by the model based on 
the harmonic analysis of the heat wave (phase shift and amplitude gap of the first 
harmonic), for six combinations of pulse width and time period of heating/cooling 
cycle in a sawdust column. 

The results also demonstrated the generality of the model, which was independent of 
the combination of heating and cooling cycles in the sawdust column. This point outlines the 
performance and versatility of the model. However, it is likely that non steady state conditions 
of flow will impact the model response according the timing of heating and cooling cycles. 
Short cycles should be more adapted to quickly changing conditions. For application, a short 
heating time and an extended period between heat pulses can be used to reduce energy 
consumption. 

This new approach also faces classical limitations of the majority of methods of sap flow 
measurement (Vandegehuchte and Steppe, 2013). The knowledge of zero flux conditions are 
necessary to apply the model. In vivo, such a determination is generally supported by 
environmental conditions inducing zero flux, as nighttime, low VPD and closed stomata (Ward 
et al., 2017). 

Finally, one key result from the harmonic analysis, both theoretical and experimental, is 
that the flow changes both the velocity and the form of the heat wave propagating in the 
medium. These effects are not taken into consideration together in heat pulse methods and 
we believe this can contribute to estimation error and particularly underestimation as often 
quoted (Flo et al., 2019). 

CONCLUSIONS 
We proposed and tested a new approach of cyclic heat pulse based on Fourier harmonic 

analysis to determine water density flux in porous medium. The results in a sawdust column 
with different combination of heating and cooling cycles were successful. They stimulate 
further studies and field application. 
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