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Abstract

Morphometric properties of channel networks are useful tools to classify catchments

and calculate their hydrological response. Scaling laws have been established for

Optimal Channel Networks (OCNs), which are defined based on a generative geomor-

phological mechanism of minimizing the total energy dissipation. However, sewer

networks obey engineering efficiency rules and are conceived based on local optimi-

zations, both in time and space, for minimal costs. Not all the scaling laws have been

verified for artificial sewer networks found in urban areas. This raises questions

regarding the applicability of OCN scaling laws to sewer networks and their potential

impact on the shape of the Geomorphological Instantaneous Unit Hydrograph

(GIUH). Hence, this work aims to study the morphometric properties of the Greater

Paris combined sewer system through a case study on twelve nested subcatchments.

A two-step methodology is used. First, the morphometric properties are analysed

using the reference Horton-Strahler, Rodríguez-Iturbe and Moussa-Bocquillon scaling

laws. The results show that Horton-Strahler's laws of bifurcation are verified while

the length and area laws are not always verified. Rodriguez-Iturbe and Moussa-

Bocquillon laws are verified with slightly different values of the descriptors in com-

parison to OCNs. Second, these morphometric properties are used to calculate four

GIUHs: the reference Width Function (GWF), the Nash unit hydrograph (GN) using

Horton-Strahler ratios, the Nash Unit Hydrograph equivalent (GNe) using Moussa-

Bocquillon descriptors, and the Hayami function (GH) solution of the diffusive wave

equation. We identified four catchments for which the scaling laws are verified and

therefore all GIUHs are similar while for four other catchments the scaling laws are

not verified and strongly impact the GIUHs. These morphometric descriptors and the

GIUHs can be considered as ‘hydrological signatures’ of Combined Sewer Systems

(CSSs) and are useful for the comparison and classification of hydrological responses.
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1 | INTRODUCTION

The organization of a river network is hypothesised to impact many

processes such as catchment response during floods (Rodríguez-Iturbe

et al., 1979), erosion (Dietrich et al., 1993; Raff et al., 2003), metabolism

of organic carbon (Battin et al., 2008; Bertuzzo et al., 2017; Coble

et al., 2019) as well as river's biogeochemistry (Wollheim et al., 2018)

and biodiversity patterns (Muneepeerakul et al., 2019; Rodríguez-Iturbe

et al., 2009). Morphometric descriptors, which are physical and geomet-

ric coefficients and ratios of the catchment, are useful tools to classify

channel networks, analyse their morphometric properties and calculate

the Geomorphological Instantaneous Unit Hydrograph (GIUH) (Gupta

et al., 1980; Rodríguez-Iturbe & Valdés, 1979). The GIUH links the unit

hydrograph routing theory based to the catchment's geomorphological

features (Gupta et al., 1980; Rodríguez-Iturbe & Valdés, 1979). Thus,

morphometric descriptors could be very useful in regions where no

field data is available to calculate catchment hydrological response

(Hrachowitz et al., 2013). This will enable managers to assess the net-

work's impact on flood dynamics, water quality or ecological status.

The quantitative study of channel networks' architecture began

with Horton's (1945) and Strahler's (1957) attempts at classifying

channels by orders. Later, Tokunaga (1978) put forward a new classifi-

cation method. The advent of Digital Elevation Models (DEM) saw the

emergence of new approaches to extract hydrographic networks from

DEMs and characterize their structure. Following the pioneering work

of Rodríguez-Iturbe and Valdés (1979), Horton-Strahler's ratios were

incorporated into the theoretical scheme of the GIUH (Gupta

et al., 1980; Rosso, 1984). Moreover, on the basis of fractal properties

of channel networks, Rodriguez-Iturbe and Rinaldo (1997) established

the scaling laws known as the exceedance probability distribution of

cumulative drainage area. They showed its fractal property for natural

networks. These networks are created based on the principle of mini-

mizing the total energy dissipation and are also known as Optimal

Channel Networks (OCN). To overcome some limitations of the

Horton-Strahler properties, Moussa and Bocquillon (1996) and

Moussa (2003, 2009) put forward new power laws function of the

drained area, which are useful to classify the internal nodes of

the channel network, and establish the relationship between the

shape of the network and the GIUH. All these approaches are comple-

mentary and aim to characterize the links between the morphometric

properties and the corresponding hydrological response of channel

networks.

Optimal Channel Networks (OCNs) are defined based on a genera-

tive mechanism of minimizing the total energy dissipation (Paik &

Kumar, 2008). Sewer networks on the other hand obey engineering

efficiency rules and are conceived based on local optimizations, both in

time and space, for minimal costs (Yang et al., 2017). While network

design may initially focus on local considerations, the long-term opera-

tion of the system requires global adjustments as it processes and

repairs the localized failures that arise during its growth. This trajectory

leads the system towards a state of global functionality, often charac-

terized as an “optimal configuration.” Yang et al. (2017) showed that at

the smallest scales engineering design and local constraints dominated,

but over time as the networks grew in size their scaling properties

tended to converge towards that known for river networks.

Several studies have evaluated scaling laws, Yang et al. (2017)

among others, including accumulated drainage area exceedance proba-

bility, and Hack's Law. They showed that for the smallest catchments

(<2 km2), length-area scales linearly, but power law scaling emerges as

the urban drainage network grow. While accumulated drainage area

exceedance probability plots for river networks are abruptly truncated,

those for urban networks present a temporal evolution of the scaling

relationships. Although scaling laws and morphometric properties have

been established for OCNs, they are not necessarily verified for artifi-

cial channel networks in urban areas. Therefore, questions may rise as

to (i) whether the scaling laws established for OCNs may also be true

for non-OCN artificial channel networks, (ii) what their values are and

how they vary in comparison to OCNs. If these laws are verified, a third

question may arise on how they may impact the shape of the GIUH

and whether specific GIUHs can be established for artificial channel

networks. Indeed, the overwhelming majority of research available in

the literature has focused on natural hydrographic networks where the

slope is the driver of flow and geomorphological organization

(Ibbitt, 1997; Moussa et al., 2011; Raff et al., 2003; Rinaldo et al., 1992;

Tarboton, 1996). In comparison, very few applications were carried out

on anthropogenic channel networks such as those of urban (Jovanovic

et al., 2019; Meierdiercks et al., 2010; Rodriguez et al., 2005) or agricul-

tural areas (Hallema & Moussa, 2014). Although scaling laws and mor-

phometric properties have been established for OCNs, not all laws

have been verified for artificial channel networks in urban areas. Yang

et al. (2017) have shown that Hack's law and the power law are verified

for separative wastewater networks (i.e., not combined with storm

water). Zischg et al. (2019) have shown that the urban drainage net-

work of Innsbruk (mainly combined sewer) follows a truncated Pareto

power law. Their results also showed that at early stages of growth,

sewer networks tend to deviate from the scaling laws of rivers. How-

ever, as they grew in size the scaling laws tend towards those seen

in rivers and are eventually indistinguishable from rivers. Krueger

et al. (2017) on the other hand have analysed the evolution of the

sewer system of a large Asian city and have shown power-law char-

acteristics in the network throughout the analysis period (1970–

2005). The authors state that when an urban network is laid, its

topology is similar to that of river networks and have different fac-

tors forcing their evolution, their layout is not random. Some studies

have looked into the fractal structure of urban networks (Gires

et al., 2015, 2017 and 2018) but fewer studies have looked into the

morphometric properties of combined sewer systems (CSS) which

collect urban stormwater and wastewater in the same network of

pipes (McGrath et al., 2019). CSSs are in use in many countries

around the world (Botturi et al., 2021; Kvitsjøen et al., 2021; Munro

et al., 2019; Nickel & Fuchs, 2019).

CSS networks are usually designed to favour gravity fed flow, but

their morphology also depends on several factors: the urban develop-

ment over time, the street network morphology as sewer pipes are

often located below streets and the location of the treatment plant to

which the CSS conveys urban water. Local topographic constraints,
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increasing consumer demands, new management practices and envi-

ronmental requirements may impose additional constraints. Thus, the

network's structure may be impacted by other decision rules than just

maintaining adequate slope values to insure gravity flow. Moreover, a

major difficulty lies in the lack of digitized data on sewer networks for

small and mid-sized towns. This calls for the development of adequate

procedures to define these networks.

The objective of this work is to study the morphometric

properties of CSSs using the afore-mentioned methods on the sewer

network managed by the Greater Paris Sanitation Authority (SIAAP-

Syndicat Interdépartemental pour l'Agglomération Parisienne). The

methodology consists in first defining the morphometric properties of

channel networks to compare them to the values reported in the litera-

ture for OCNs. The corresponding GIUHs are then computed and com-

pared to each other. The paper is organized in four sections: The first

presents the study site. The morphometric properties and scaling laws

of the Greater Paris CSS are presented in the second section. In

section three, a hydrological use case is presented where the morpho-

metric properties are used to derive GIUHs. The fourth section deals

with the conclusions drawn from this work and the new perspectives it

offers. Appendix A shows the list of notations and Appendix B details

the procedure developed to extract the network characteristics of the

Greater Paris CSS. A Data S1 section is joined to this article with all

detailed results on the 12 subcatchments of the Greater Paris CSS.

2 | THE STUDY SITE: THE GREATER PARIS
COMBINED SEWER SYSTEM (CSS)

The sewer system is managed at the Greater Paris scale (City of Paris

and the three surroundings departments Hauts-de-Seine, Seine-

Saint-Denis et Val de Marne). It covers a total urban area of 1800 km2

and serves 9 million inhabitants treating 2.5 million 125 m3 of waste-

water daily in dry weather across 180 municipalities (https://www.

siaap.fr/siaap-greater-paris-sanitation-authority/). The part of this

sewer network which drains the City of Paris and the older urban

areas consists of a combined sewer system (hereafter CSS) which col-

lects both sanitary sewage and stormwater runoff in a single-pipe.

The more recent part of the sewer network consists of a separate

sewer network, mainly located in the outlying areas. The Greater Paris

network presents a significant complexity and intersections between

CSS, wastewater and stormwater networks, with also downstream

F IGURE 1 Limits of the study area of the Greater Paris combined sewer system.

ACHOUR ET AL. 3 of 20

https://www.siaap.fr/siaap-greater-paris-sanitation-authority/
https://www.siaap.fr/siaap-greater-paris-sanitation-authority/


outlets. In this project, only the CSS is studied. The study area

(Figure 1, area in red) covers only the area drained by CSS: a total

area of 310 km2.

A reconstructed version of the Greater Paris sanitation network

was provided by Chancibault et al. (2020) based on the real network

data provided by SIAAP, the City of Paris and the three departments

of the study area (Figure 2). Unfortunately, urban data banks locating

the pipes, when they are not used for the daily management of the

sanitation system, present many gaps and topological discontinuities.

The catchment map corresponding to the reconstructed network is

based on a 250 m-resolution regular grid. Each junction of the net-

work drains the cell that intersects it, while for the cells that do not

intersect a junction, a geometric method implemented in ArcGis

(Average Nearest Neighbour) is used that allows the cells to be

F IGURE 2 Greater Paris combined
sewer system catchments: C1 to C8 are
source subcatchments (a), C9 to C11 are
intermediate subcatchments (b), and C12
represents the whole catchment (c).
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drained to the nearest junction, according to the slope. To solve the

problem of intersections, the network has been modified in some

places: some segments are eliminated to ensure a single drainage

direction in the network; these segments present 0.4% of the total

number of segments. In order to choose the segments to be elimi-

nated, several discussions were carried out with the Parisian network

operator to determine the main direction and the main flow segments

of the network. The network extraction procedure for the Greater

Paris CSS is presented in Appendix B.

The study area is lineated by different catchments and subcatch-

ments. The whole drained area by the CSS, flowing to the main Waste-

water Treatment Plant WWTP Seine aval constitutes the C12

catchment, where the total length of the channel network is 909 km. It

is divided in 11 subcatchments (Figure 2) such as subcatchment C9

includes (C1 and C2), C10 includes (C3 to C6), C11 includes (C7 and

C8). Catchment areas range from 8 km2 (C7) to 310 km2 (C12) and total

channel network lengths from 23 km (C7) to 909 km (C12) while drain-

age densities vary from 2.1 km/km2 (C2) to 3.5 km/km2 (C5) (Table 1).

When presenting the results, a distinction is made between the

head catchments (Figure 2a; catchments 1–8), the intermediate sub-

catchments (Figure 2b catchments 9–11), and the entire study zone

(Figure 2c, catchment 12).

A two-step methodology is used in this work. First the morphomet-

ric properties are analysed and then they are used to calculate GIUHs.

3 | MORPHOMETRIC PROPERTIES AND
SCALING LAWS OF THE GREATER PARIS CSS

3.1 | Methodology

Three categories of morphometric descriptors are calculated. The first

are the well-known Horton-Strahler laws (law of stream numbers,

stream lengths and stream areas), considered as a reference, because

they have been largely used since the fifties on the basis of the

analysis of blue lines on maps (Dodds & Rothman, 2000; Kim, 2022;

Moussa & Bocquillon, 1996; Smart, 1969). The second ones are the

power law properties of the exceedance probability distribution of

cumulative drainage area of Rodríguez-Iturbe, Ijjasz-Vasquez, et al.

(1992). They can be easily calculated from DEMs and are largely used

on natural catchments (Bunster et al., 2019; Martinez et al., 2010;

Rodriguez-Iturbe & Rinaldo, 1997). The third category of descriptors

aims to overcome some limitations of the Horton-Strahler descriptors.

Indeed, the delineation of a channel as a blue line on a topographic

map is an incomplete picture of the occurrence of channels on the

ground and the data on the number and length derived from

the Horton-Strahler ordering system is sensitive to the inclusion or

omission of ephemeral tributaries. Thus, the addition or omission of a

minor channel can materially change the order designation of down-

stream segments. To overcome these limitations, Moussa and Boc-

quillon (1996) and Moussa (2003, 2009) put forward new descriptors

on the basis of the relationship between a drained area threshold and

morphometric properties such as the corresponding number of

sources, the total channel length, and the mainstream length.

3.1.1 | Horton-Strahler laws

The quantitative expressions of Horton-Strahler's laws are summa-

rized below:

1: Lawof stream numbers
Nw�1

Nw
¼RB ð1Þ

2: Lawof stream lengths
Lw�1

Lw
¼ 1
RL

ð2Þ

3: Lawof stream areas
Aw�1

Aw
¼ 1
RA

ð3Þ

where Nw is the number of streams of order w, Lw is the mean length

of streams of order w, and Aw is the mean area contributing to

streams of order w and its tributary (1≤w ≤Ω). RB is the bifurcation

ratio, RL is the length ratio, RA is the areas ratio and Ω the magnitude.

The values of the parameters RB, RL and RA are generally determined

by plotting, Nw, Lw and Aw versus w on semi-log diagrams and deter-

mining the ‘best fit’ straight lines by least squares analysis. Horton-

Strahler's ratios of stream ordering (RB, RL and RA) are often used as

indicators of hydrological similarity for catchment comparison and

regionalization under the assumption that if catchment attributes are

identical, one would expect the surface hydrologic response to be

similar. Horton-Strahler's laws were extensively used in geomorpho-

logical applications to compare and classify river systems.

3.1.2 | Rodríguez-Iturbe et al.'s law

Rodríguez-Iturbe, Ijjasz-Vasquez, et al. (1992), Rodríguez-Iturbe,

Rinaldo, et al. (1992) have shown that the exceedance probability dis-

tribution of cumulative drainage area is a power law form such as

TABLE 1 Geometrical properties of the Greater Paris combined
sewer system catchments (the area S0, the total length of the channel
network L, and the drainage density L/S0).

Catchment S0 (km
2) L (m) L/S0 (1/km)

C1 11.4 28 220 2.5

C2 65.1 133 650 2.1

C3 30.7 86 685 2.8

C4 24.3 73 515 3.0

C5 32.4 112 040 3.5

C6 8.9 30 155 3.4

C7 7.6 23 250 3.1

C8 13.4 38 950 2.9

C9 78.8 188 380 2.4

C10 141.1 412 030 2.9

C11 53.6 149 430 2.8

C12 310.0 909 150 2.9
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P A≥ a½ � / a�β ð4Þ

whereP A≥ a½ � / a�β is the probability that the contributing drainage

area A be higher or equal to a given area a, and β an exponent. It is

important to notice that often the exponent β is statistically indistin-

guishable among different catchments, and is approximately equal to

0.43 +/� 0.04 for OCNs while these scaling laws have begun to be

studied for certain properties of urban networks such as the number

of nodes and edges. Hence comparing the values of the coefficients

of natural networks and urban networks is not a straightforward task.

3.1.3 | Moussa-Bocquillon laws

Moussa and Bocquillon (1993) suggested new power laws to charac-

terize the main channel and their main confluence tributary connec-

tions. The method consists in using different values of a threshold

area S, and for each value of S, to derive the skeleton of the network

which drains at least this threshold. For each value of S, let N(S) be

the total number of extremities and T(S) the total length of the chan-

nel network (Moussa, 2003). Three power laws are established:

First, a simple empirical relation N(S) is defined.

N Sð Þ¼ λ
S
S0

� ��α

ð5Þ

where S0 is the catchment area, and α and λ are two parameters to be

adjusted. Moussa (2009) shows that the value of parameter α is

close to 1.

The second law expresses the total length of the channel net-

work T(S):

T Sð Þ¼ m1þbS0
0:5

� � S
S1

� ��αþ0:5

�bS0
0:5 ð6Þ

where b is a parameter to be adjusted; m1 is a characteristic distance

and S1 a characteristic area which can be calculated from a DEM (see

details in Moussa, 2003).

The third law is a simplification of Equation (5) under the assump-

tion that α = 1, we define

U¼NS
S0

ð7Þ

which tends to be a constant whose value varies between 0.22 and

0.3 for low values of S/S0 for OCNs while this property is not verified

for non-OCNs (Moussa et al., 2011).

In practice, the parameter β in Equation (4), the parameters α and

λ in Equation (5), the parameter b in Equation (6), and the constant U

in Equation (7) are adjusted by minimizing the RMSE error between

the observed points and the adjusted laws on the linear part of the

curves corresponding to low values of S/S0.

3.1.4 | Comparison criteria

The comparison between the observed points and the adjusted laws

is based on the following criteria:

• the coefficient of determination (ρ) when straight lines are

adjusted; this is the case for the three Horton-Strahler laws (RB, RL

and RA), the power law of Rodríguez-Iturbe, Ijjasz-Vasquez, et al.

(1992), and the N(S) power law of Moussa-Bocquillon. For Horton-

Strahler laws, Moussa (2008, 2009) presents a detailed discussion

on the regression method for both the Horton-Strahler laws and

the new equivalent laws proposed by Moussa (2009). For the

Rodriguez-Iturbe and Moussa-Bocquillon laws, one of the main dif-

ficulties is to define the interval of S/S0 for which the adjustment

has to be carried out. Moussa et al. (2011) presented a detailed

method for the classification of the internal nodes of the channel

network which allows to determine the limits of the interval of

S/S0 on which the adjustment is carried out.

• the Nash-Sutcliffe Efficiency (NSE) criterion when comparing two

curves; this is the case of the T(S) law of Moussa-Bocquillon. For

non-linear regressions, the best-fit curve is often assumed to be

that which minimizes the sum of the ordinary least squares (OLS).

This criterion gives similar results to the well-known NSE because

there is a simple linear relationship between NSE and OLS with

NSE = 1 � (OLS/Constant).

• the coefficient of variation (cv) when dealing with the constant U

of Moussa-Bocquillon.

Table 2 shows the definitions we use in this section for the terms

‘Very good’, ‘Good’ or ‘Fair’ when discussing the three criteria ρ, NSE

and cv.

3.1.5 | Applying the scaling laws to combined sewer
systems (CSS)

The question that arises is whether the scaling laws established for

OCNs may also be true for non-OCN urban CSSs. To answer this

question, each CSS is characterized by the three categories of mor-

phometric descriptors:

• Horton-Strahler laws: first we check if the laws of stream numbers,

lengths and areas are verified by calculating the determination

coefficient of the regression, and then we compare the ranges of

the parameters RB, RL and RA obtained on CSSs to those reported

in the literature for natural catchments: 3 < RB <5, 1.5 < RL <3.5

and 3 < RA <6 (Rodriguez-Iturbe & Rinaldo, 1997; Smart, 1969).

• Rodríguez-Iturbe et al.'s power law: first we check if the scaling

law is verified by calculating the determination coefficient of the

regression, and then we compare the value of the exponent β to

the range obtained for natural OCNs: 0.39 < β < 0.47 (Rodriguez-

Iturbe et al., 2011).
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• Moussa-Bocquillon laws: first we check if the two power laws N(S) and

T(S) are verified by calculating the determination coefficient of the

regression, and then we compare the values of parameters α, λ, U and

b to those obtained by Moussa (1997, 2003, 2008, 2009), Moussa

et al. (2011) and Bamufleh et al. (2020) on natural catchments: 0.78 < α

<1.29, 0.17 < λ < 0.47, 0.23 < U < 0.32 and � 3.96 < b < 2.38.

3.2 | Results

Applications were carried out on the twelve catchments C1 to C12. In

this section we present in detail the results of the morphometric anal-

ysis for the two catchments C3 and C4. These two catchments have

been chosen as they have very similar area (S0) and drainage density

(L/S0) and different channel network shapes. The Data S1 show the

results for all catchments.

3.2.1 | Horton-Strahler laws

Figure 3 shows the graphs obtained for the three Horton-Strahler

laws, in a log scale, for catchments C3 and C4. For C3, the linear

regression using 4 points is well verified indicating that the laws are

respected in this case. However, for C4, the linear regression using

5 points is not respected for the law of stream lengths but applicable

for the laws of stream areas and stream numbers.

Table 3 presents the results of the Horton-Strahler ratios for the

studied networks. According to the literature, the values of RB, RL and

TABLE 2 Definition of performance
levels.

Criteria Very good Good Fair
(***) (**) (*)

Determination coefficient ρ ρ > 0.95 0.9 < ρ < 0.95 ρ < 0.90

Nash-Sutcliffe efficiency NSE NSE > 0.95 0.9 < NSE <0.95 NSE < 0.90

Coefficient of variation cv cv < 0.3 0.3 < cv < 0.5 cv > 0.5

F IGURE 3 Horton-Strahler laws: Law
of stream numbers (a), law of stream
lengths (b), and law of stream areas (c),
blue points correspond to the catchment
values and the dotted green line to the
fitted line for catchments C3 and C4.
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RA are generally in the range [3; 5], [1.5; 3.5] and [3; 6] respectively

for natural networks (Rodriguez-Iturbe & Rinaldo, 1997; Smart, 1969).

In the case of the 12 catchments of the Greater Paris CSS, the magni-

tude Ω ranges between 4 and 6. The law of stream numbers is always

verified such that the bifurcation ratio RB is between 3 and 4.6 with a

coefficient of determination greater than 0.95. Whereas for the law

of stream lengths, in 4 out of 12 cases (C1, C4, C7 and C10), the cor-

responding regression is not verified and yields a determination coef-

ficient lower than 0.9. But when the law is verified (with a

determination coefficient higher than 0.9), the value of the length

ratio RL is in the same interval as that corresponding to the natural

networks. The law of areas is not verified for 7 out of 12 cases (C1,

C4, C7, C8, C9, C10, and C11) and yields a determination coefficient

lower than 0.9. Moreover, the area ratio RA is never in the interval [3;

6] corresponding to the natural networks.

The reason for which Horton-Strahler's law is not verified for

anthropogenic networks can be explained by the fact that the forma-

tion of natural networks follows the law of erosion and networks

reach equilibrium under the effect of gravity whereas for CSSs, the

design criterion is ruled by the optimization between pipe and excava-

tion price. In addition, the connection angles in the natural case are

always smooth (Seybold et al., 2017), while perpendicular connections

occur in CSSs. Moreover, new housing estates that are built after a

sanitation plan has been implemented may modify the original design

rules which generally favour gravity fed flow: although CSSs were not

implemented after the 60s, new WWTPs were added and the oulets

were modified. This may affect parameter RL that describes the ratio

between the lengths of different stream orders. Indeed, when com-

paring the shape of natural networks to that of CSSs, we find a differ-

ence in the tree structure and in the distance between the various

branches corresponding to the “streams”. Thus, the area drained by

each branch does not necessarily correspond to what a natural stream

may drain.

3.2.2 | Rodríguez-Iturbe power law

Figure 4 shows in a log–log scale graphs of the power-law distribution

of the upstream contributing area for catchments C3 and C4. A line is

well fitted on the linear part of the graph. Table 4 presents the value

of the slope β of the fitted line corresponding to the Rodríguez-Iturbe

power law (Equation 4). This law is always verified in the case of the

twelve catchments of the Greater Paris CSS such that the value of β is

between 0.4 and 0.53 with a coefficient of determination greater than

0.95. For natural catchments and OCNs this slope has a value of 0.43

+/� 0.04 (Rodriguez-Iturbe et al., 2011).

3.2.3 | Moussa-Bocquillon laws

Figure 5 shows the results of three Moussa-Bocquillon laws for catch-

ments C3 and C4: N(S) from Equation (5), T(S) from Equation (6) and

the constant U from Equation (7). For C3, the regression line is very

well fitted for the relation between N and T as function of S/S0 but

concerning the relation of U as function of S/S0, the green line corre-

sponding to U does not fit the totality of the curve. This means that

the third law of Moussa-Bocquillon is not verified for C3 (Figure 5a,b).

The same result is observed for C4 with a lower correlation for the

relation between T and S/S0 (Figure 5c).

Table 5 presents the results of the Moussa-Bocquillon morpho-

metric descriptors. The values of α and λ are obtained through a

regression between N and S/S0 Equation (5). A determination coeffi-

cient higher than 0.95 is calculated for all twelve catchments of the

Greater Paris CSS. This relation is always verified with a value of α

between 0.83 and 0.99 while for natural networks it ranges between

0.78 and 1 (Bamufleh et al., 2020; Moussa, 1997, 2003, 2008, 2009).

Moreover, the value of λ is between 0.3 and 0.6 while for natural

catchments it is between 0.15 and 0.5 (Bamufleh et al., 2020;

Moussa, 2008, 2009). Furthermore, the value of b, which is the result

of the relation between T and S/S0, ranges between 0.3 and 4.3 for

the twelve catchments of the Greater Paris CSS, while for natural

catchments it ranges between �4 and 2.5 (Bamufleh et al., 2020;

Moussa, 2008, 2009).

In the case of natural catchments, and according to 10 examples

from the literature (Bamufleh et al., 2020; Moussa, 2009), the value of

RBe, RLe and RAe are in the range [4.5; 8.5], [4; 8.5] and [2; 3] respec-

tively. In the case of the twelve catchments of the Greater Paris CSS,

the two laws corresponding to the geomorphological relations are

always verified with a coefficient of determination higher than 0.95.

However, the values of RBe, RLe and RAe are in the range [3.9; 6.6], [3;

6.5] and [2; 2.5] respectively. Although this difference in range may

be due to the limited number of naturel catchments (only 10) for

which these ratios are available in the literature, the verification of the

geomorphic relationships is true and indicates that the Horton

TABLE 3 Horton-Strahler characteristics (Ω and LΩ) and ratios
(RB, RL, RA, from Equations 1, 2 and 3) for the 12 Greater Paris CSS
catchments.

Catchment Ω LΩ (in m) RB and (ρ) RL and (ρ) RA and (ρ)

C1 4 722 3.0 (***) 1.3 (*) 1.2 (*)

C2 5 8060 3.3 (***) 1.9 (***) 1.5 (**)

C3 4 9466 4.6 (***) 2.8 (***) 1.2 (***)

C4 5 1524 3.3 (***) 1.5 (*) 1.2 (*)

C5 5 4066 3.5 (***) 1.8 (**) 1.2 (***)

C6 4 3294 3.6 (***) 2.1 (***) 1.2 (***)

C7 4 555 3.3 (***) 1.3 (*) 1.1 (*)

C8 4 3694 3.6 (***) 2.2 (**) 1.1 (*)

C9 5 21 167 3.5 (***) 2.3 (**) 1.2 (*)

C10 6 14 098 3.6 (***) 1.8 (*) 1.2 (*)

C11 5 22 085 3.7 (***) 2.3 (**) 1.2 (*)

C12 6 14 098 3.9 (***) 2.1 (***) 1.1 (**)

Note: The criteria level of ρ (Table 2) are shown in parentheses. The exact

values of ρ are provided in the Data S1 (S9). *** Very good performance.

** Good performance. * Fair performance.
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Strahler equivalent parameters obtained through these relationships

can still be used to calculate a geomorphic unit hydrograph for CSSs.

The parameters (a, b) of the Nash unit Hydrograph (GN) were related

to Horton order ratios by Rosso (1984) on the basis of observations

of natural catchments. He obtained the two expressions of

Equation (9). As it is not possible to adapt these expressions to CSSs,

one must assume that they remain valid in this context. This assump-

tion applies also to the Nash unit hydrograph equivalent (GNe).

4 | A HYDROLOGICAL USE CASE: THE
GIUHS OF THE GREATER PARIS CSS

4.1 | Methodology

Unit Hydrograph is a widely used method to represent the response

of a catchment to rainfall impulse when runoff is a dominant process

which is the case in urban areas. The derivation of the unit hydro-

graph from the geomorphological features of the catchment gave rise

to the concept of Geomorphological Instantaneous Unit Hydrograph

(hereafter GIUH), detailed in the text book by Rodriguez-Iturbe and

Rinaldo (1997). Several approaches have been proposed to derive the

GIUH of a catchment, among which four are compared in this

section using the descriptors calculated in the previous section: a sim-

plified version of the Width Function based GIUH (noted GWF)

(Rodriguez-Iturbe & Rinaldo, 1997), the classical Nash (1957) unit

hydrograph (noted GN) of which the two parameters are estimated

from the Horton-Strahler descriptors (Rosso, 1984), the modified

GIUH (noted GNe) which is an adaptation of the previous GIUH to the

new Moussa-Bocquillon descriptors (Moussa, 2009), and a unit hydro-

graph solution of the Diffusive Wave Equation on the basis of the

Hayami (1951) equation (noted GH) with physical parameters.

4.1.1 | Width function based GIUH (GWF )

The width function GWF is defined as the Probability Density Function

(PDF) of the hydrologic distance to the catchment outlet

(Kirkby, 1976). Rinaldo et al. (1992) proposed to model the travel time

along hydrologic paths by an inverse Gaussian PDF defined by two

parameters: velocity and coefficient of dispersion. The convolution of

the two PDFs leads to the expression of the width function based

GIUH (see Rigon et al., 2016 for a recent review). In the present work,

it is assumed that the dispersion of flow along hydrologic paths can be

neglected which allows to directly deduce the GIUH from the width

function by a simple change of unit of distance into time involving the

flow velocity v.

4.1.2 | Nash unit hydrograph (GN )

Rosso (1984) showed that the shape of the founding GIUH formula-

tion (Rodríguez-Iturbe & Valdés, 1979) was correctly preserved by the

Nash unit hydrograph (Nash, 1957) by expressing the two parameters

(a, k) of the Nash model as a function of Horton-Strahler ratios: RB, RL,

RA, and L length of highest-order stream,

GN a,k,tð Þ¼ t
k

� �a�1 e
�t
k

kΓ að Þ ð8Þ

TABLE 4 Rodriguez-Iturbe power law β (from Equation (4)) for
the 12 Greater Paris CSS catchments.

Catchment β and (ρ)

C1 0.40 (***)

C2 0.48 (***)

C3 0.43 (***)

C4 0.49 (***)

C5 0.47 (***)

C6 0.48 (***)

C7 0.53 (***)

C8 0.48 (***)

C9 0.45 (***)

C10 0.51 (***)

C11 0.44 (***)

C12 0.51 (***)

Note: The criteria level of ρ (Table 2) are shown in parentheses. The exact

values of ρ are provided in the Data S1 (S9). *** Very good performance.

** Good performance. * Fair performance.

F IGURE 4 Rodriguez-Iturbe law: the
power-law distribution of the upstream
contributing area for catchments C3 and
C4 (blue line calculated from generated
network, green dotted line is adjusted on
the linear part of the curve).
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F IGURE 5 Moussa-Bocquillon laws
function of the threshold area S/S0 for
catchments C3 and C4 (blue line
calculated from generated network, green
dotted line is adjusted on the linear part
of the curve): (a) the total number of
source nodes N; (b) the total length of the
channel network T; (c) the term U = N.
S/S0.

TABLE 5 Moussa-Bocquillon
descriptors for the 12 Greater Paris CSS
catchments: (i) N(S): the parameters α
and λ and the coefficient of
determination ρ of the adjusted law; (ii) T
(S): the parameter b, and the Nash-
Sutcliffe Efficiency NSE of the adjusted
law; (iii) U: the mean value μ, the
standard deviation σ and the variation
coefficient cv = σ/μ; (iv) the parameters

RAe, RBe and RLe of the GNe.

Catchment
N(S) T(S) U GNe

α λ ρ b NSE μ σ cv RAe RBe RLe

C1 0.89 0.4 *** 2.3 * 0.26 0.138 * 5.6 4.6 2.4

C2 0.99 0.3 *** 0.7 *** 0.36 0.164 ** 6.4 6.5 2.6

C3 0.83 0.6 *** 2.1 *** 0.28 0.160 * 3.9 3.1 2.0

C4 0.86 0.5 *** 4.3 *** 0.31 0.168 * 4.9 4.0 2.2

C5 0.89 0.5 *** 3.3 *** 0.28 0.157 * 4.8 4.0 2.2

C6 0.98 0.3 *** 2.6 *** 0.29 0.113 ** 6.6 6.4 2.6

C7 0.86 0.5 *** 3.3 *** 0.28 0.182 * 4.9 4.0 2.2

C8 0.86 0.4 *** 2.8 ** 0.25 0.167 * 5.3 4.2 2.3

C9 0.94 0.4 *** 0.3 *** 0.31 0.148 ** 5.0 4.6 2.2

C10 0.89 0.5 *** 2.3 *** 0.30 0.184 * 4.2 3.6 2.0

C11 0.86 0.5 *** 1.6 *** 0.27 0.137 * 4.1 3.4 2.0

C12 0.91 0.5 *** 2.8 *** 0.30 0.145 ** 4.4 3.8 2.1

Note: The corresponding criteria levels of ρ, NSE and cv (Table 2) are shown. The exact values of ρ, NSE

and cv are provided in the Data S1 (S9). *** Very good performance. ** Good performance. * Fair

performance.
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witha¼3:29
RB

RA

� �0:78

RL
0:07 andk¼0:7

RA

RBRL

� �0:48 L
v

ð9Þ

where v is the flow velocity, and Γ is the gamma function.

4.1.3 | Nash unit hydrograph equivalent (GNe )

In order to overcome the limitations of the Horton-Strahler classifica-

tion, Moussa (2003, 2009) put forward new descriptors to character-

ize morphometric properties of the channel network, classify the

internal nodes of the channel network, and establish the relationship

between the shape of the network and the hydrological response.

RBe ¼2α

λ
,RAe ¼ 2α

λ

� �1=α
,RLe ¼ 2α

λ

� �1=2α
and

Le ¼ m1þbS0
0:5

� � S1
2S0

� �α�0:5 RBe�RLe

RLe

ð10Þ

The four new descriptors (RBe, RLe, RAe and Le) replace those of

the Horton-Strahler laws (RB, RL, RA and Le) in the Nash unit hydro-

graph introduced in the previous paragraph, Equations (8) and (9), and

a new expression of the parameters (a, k) is obtained.

4.1.4 | Hayami function (GH )

Moussa (1997) proposed a formulation of the GIUH based on the

Hayami (1951) approximation solution of the diffusive wave equation

especially adapted for the routing hydrograph through a channel net-

work. The GH is expressed:

GH C,D,tð Þ¼ L

2 πDð Þ0:5
e

1:67vL
4D 2� L

1:67vt�1:67vt
L

� �

t1:5
ð11Þ

where t is time, L is the mean flow path length to the outlet, v (ms�1)

the velocity and D (m2 s�1) the coefficient of dispersion (Chow

et al., 1988). In the applications D was considered equal to the geomor-

phologic dispersion as suggested by Rinaldo et al. (1992), Saco and

Kumar (2002a), (2002b), Rossel et al. (2014), and Jovanovic et al. (2019):

D¼1
2
var Lð Þ� Th i�1 ð12Þ

where var(L) represents the variance of all network flowpath lengths,

and T the mean travel time of all flowpaths in the network. D assumes

uniform velocity across the network where v = L=T.

4.1.5 | Characterizing the GIUHs of the Greater
Paris CSS

The question is how the morphometric descriptors of non-OCN CSSs

may impact the shape of the GIUH. For this, each CSS network is

characterized by the expressions of GIUHs. Each of the four GIUHs

has a parameter that expresses the velocity v which needs to be cali-

brated when rainfall/runoff data are available. In this application, the

objective is to compare the four GIUHs for the same value of v, herein

considered v = 1 m.s�1 as it is a plausible value (Jovanovic

et al., 2019).

On each CSS network, each of the four GIUHs is characterized by

three variables: the maximum value of the GIUH gp and its time of

occurence Tp, and its center of gravity TG (sometimes denoted lag

time). The three variables (Tp, gp, TG) are useful: (i) to compare the four

GIUHs for a given CSS network; (ii) for a given GIUH type, to compare

and classify networks according to each criterion.

The GIUH comparison is based on the coefficient of variation cv

when comparing the characteristics (Tp, gp and Tg) of the four GIUHs

(GWF, GN, GNe and GH).

4.2 | Results

Figure 6 shows a comparison between the four GIUHs, for the

twelve catchments C1 to C12. The graphs show similar results

between the GWF and the GH for the 12 catchments. While for the

GN, when one of the three Horton-Strahler laws is not verified (with

a coefficient of determination lower than 0.9 as for catchments C1,

C4, C7, C8, C9, C10 and C11), the hydrograph corresponding to the

GIUH produces a response that is deviated from that of the other

three functions (GNe, GH and GWF). Note that in the 5 cases where

all adjusted laws yield “very good” performance criteria as defined in

Table 2, the GN is sometimes closer to the response given by the GH

and the GWF (C5) and sometimes closer to those of the GNe (C2, C3,

C6, C12). Concerning the GNe, by comparing it with the two other

functions, the GWF and the GH, we notice that maximum value of the

GIUH (gp) corresponds to half the value of the 2 other functions

while the time of occurrence of gp is approximately the same in the

12 cases.

Table 6 shows the values of the time of occurrence of gp (Tp),

the maximum value of the GIUH (gp) and the time of occurrence of

the centre of gravity (TG) of each hydrograph. In terms of peak time,

the value obtained through the GNe's is identical to that of GH for

5 cases out of 12, and for 3 out of 12 cases it is closer to that of the

GWF. This shows a similarity between the response obtained by the

GNe (calculated through morphometric parameters) and the other

two functions calculated through average values of distance and

time in the case of GH, and distances to the outlet in the case of the

GWF. When comparing the GH and the GWF, the ratio of gp values of

these 2 functions vary between 0.8 and 1 for 12 cases, and the ratio

of Tp values vary between 1 and 1.3 in 9 cases, and between 1.3 and

2 in 3 cases. When comparing the coordinates corresponding to the

centre of gravity of the hydrographs of these 2 functions, the ratio

of the GIUH value varies between 0.8 and 1.3 and the ratio of time

varies between 0.8 and 1 in all cases. This shows high similarity

between these 2 functions in terms of computed hydrological

response.
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F IGURE 6 Comparison between four GIUHs (GWF, GN, GNe and GH) for the twelve catchments of the Greater Paris CSS.

12 of 20 ACHOUR ET AL.



In order to compare the four GIUHs, Table 7 shows the arithmetic

mean, the sample standard deviation, and the coefficient of variation

for each catchment and for each of the three variables (Tp, gp, and TG).

We observe that for the catchments C2, C5, C8 and C12 we have low

values of cv for the three variables with 0.13 < cv <0.34. This reflects

that the four GIUHs are comparable and have the same characteris-

tics. This result reflects also that the different scaling laws are verified

and give comparable results. On the other hand, catchments C1, C7,

C10 and C11 have high cv values for all three variables with

0.40 < cv <1.22. This is due to large differences in the shapes of the

GIUHs which may be due to either non-verification of the power laws

or high variability of the descriptors.

One may question if the scaling laws are verified, how they

may impact the shape of the GIUH? For the three catchments C2,

C5 and C8, we obtain very good performances of cv when compar-

ing the Tp, Qp and TG of the four GIUHs (12 very good). On the

opposite, the four catchments C1, C7, C10 and C11 yield the low-

est performances regarding cv (8 good, 4 fair). For the cases where

the power laws are verified (C3, C5, C6 and C12), the GIUHs can

be calculated. Table 8 shows that for these 4 catchments the char-

acteristics of the four GIUHs are comparable for the selected cri-

teria as reflected by the low values of cv for (Tp, gp and Tg) and

consequently higher performances (8 very good, 2 good and 2 fair).

On the contrary, catchments C1, C4, C7 and C10 which show low

TABLE 6 Characteristics of the four GIUHs (GWF, GN, GNe and GH) for the 12 Greater Paris CSS catchments: time of occurrence of the
peakflow (Tp), peakflow (gp) and time of occurrence of the centre of gravity (TG).

Catchment
Tp (h) gp (1/h) TG (h)

GN GNe GH GWF GN GNe GH GWF GN GNe GH GWF

C1 0.4 1.1 1.1 1.3 1.9 0.5 0.9 0.8 0.6 1.9 1.6 1.2

C2 3.6 2.4 2.6 3.2 0.3 0.2 0.4 0.4 4.4 3.6 3.6 3.3

C3 5.3 1.7 2.1 4.3 0.2 0.3 0.4 0.4 6 2.8 3.1 2.5

C4 1 1.7 1.3 1.6 1.0 0.3 0.6 0.7 1.3 2.6 2.0 1.8

C5 2.5 3.3 2.4 3.2 0.4 0.2 0.4 0.4 3 4.7 3.1 2.6

C6 1.9 1.7 1.0 1.2 0.6 0.4 0.9 0.7 2.3 2.5 1.5 1.4

C7 0.4 1.1 0.7 0.7 2.6 0.5 1.2 1.1 0.5 1.9 1.2 1.0

C8 2.2 1.4 1.3 1.7 0.5 0.4 0.9 0.8 2.6 2.3 1.7 1.4

C9 11.8 2.5 3.6 4.2 0.1 0.2 0.3 0.3 12.5 3.7 4.6 4.4

C10 8.6 4.0 4.2 4.8 0.1 0.1 0.3 0.3 9.3 5.3 5.1 5.1

C11 12.1 2.4 3.2 5.0 0.1 0.2 0.3 0.4 12.8 3.5 4.1 3.6

C12 8.6 6.0 6.0 8.7 0.1 0.1 0.2 0.2 9.3 7.2 6.9 6.8

TABLE 7 For each catchment,
arithmetic mean (μ), sample standard
deviation (σ) and coefficient of variation
(cv) of the four GIUHs (GWF, GN, GNe and
GH) in Table 5.

Catchment
Tp (h) gp (1/h) TG (h)

μ σ cv μ σ cv μ σ cv

C1 0.98 0.39 ** 1.03 0.61 * 1.33 0.56 **

C2 2.95 0.55 *** 0.33 0.10 *** 3.50 0.47 ***

C3 3.35 1.73 * 0.37 0.10 *** 2.80 1.62 *

C4 1.40 0.32 *** 0.53 0.29 * 2.13 0.54 ***

C5 2.85 0.47 *** 0.33 0.10 *** 3.47 0.93 ***

C6 1.45 0.42 *** 0.67 0.21 ** 1.80 0.56 **

C7 0.73 0.29 ** 0.93 0.89 * 1.37 0.58 **

C8 1.65 0.40 *** 0.70 0.24 ** 1.80 0.55 ***

C9 5.53 4.24 * 0.27 0.10 ** 4.23 4.15 *

C10 5.40 2.16 ** 0.23 0.12 ** 5.17 2.07 **

C11 5.68 4.42 * 0.30 0.13 ** 3.73 4.54 *

C12 7.33 1.53 *** 0.17 0.06 ** 6.97 1.18 ***

Note: The corresponding criteria levels of cv (Table 2) are shown. The exact values of cv are provided in

the Data S1 (S9). *** Very good performance. ** Good performance. * Fair performance.
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performances for the power laws yield also low performances

when comparing the four GIUHs with high values of cv for (Tp, gp

and Tg) (2 very good, 7 good and 3 fair). Consequently, when

power laws are verified, all four GIUHs give generally comparable

results.

5 | DISCUSSION

CSSs are very specific objects whose topology depends on several

factors among which: structure of the city, evolution of this city over

time, topography, urban water management policy, and characteristics

of the hydrographic network. The development of centralized sewer

systems during the 19th century has resulted from several factors

detailed by Burian et al. (2000): fast urban growth, extension of water

supply networks, and most of all, crucial importance of sewage and

wastewater collection to improve public health. The early networks

have been expanded and modified according to urban sprawl and the

constraints of urban planning (Gironás et al., 2009). At the time Paris,

as most cities, had chosen to design combined sewer networks. The

flow of combined water networks resulted in contamination and deg-

radation of water bodies. The development of treatment plants for

waste and combined water and the separation of wastewater from

stormwater, occurred during the second part of the 20th century

(Laroulandie, 1993; Reid, 1993). These factors have certainly influ-

enced the morphometric properties of the Greater Paris CSS

network. The morphometric properties might also depend on the

properties of the street network (Courtat et al., 2011). While scale-

free power law distributions were largely studied and verified for nat-

ural channel networks with complex topology considered as Optimal

Channel Networks (Rigon et al., 1993; Rodriguez-Iturbe &

Rinaldo, 1997), and for many other large networks (i.e., genetic net-

work or the World Wide Web; Barabasí & Albert, 1999; Albert &

Barabasí, 2002), the study of urban drainage networks suffers from

the lack of data (Masucci et al., 2014; Yang et al., 2017). It could be

interesting to apply the methodology proposed by Yang et al. (2017)

to the Greater Paris CSS. Indeed, the authors analysed the evolution

of the urban drainage network of two cities and showed that the

studied networks evolve to the state topologically similar to rivers.

Unfortunately, it would represent a very important work on the his-

tory of the Greater Paris urban data, over a century and that is not fai-

sable within this study. An alternative might be to compare the urban

topology of catchments according to their period of urban develop-

ment. This work aims to calculate the morphometric descriptors and

the corresponding GIUHs on the Greater Paris CSS, and has a dual

purpose. The first objective is to check whether the three categories

of scaling laws (Horton-Strahler, Rodriguez-Iturbe and Moussa-Boc-

quillon) are verified or not for the Greater Paris CSS. The results show

that most of these laws are verified on the majority of the twelve

studied subcatchments, but for some of them, the descriptor values

do not fall within the range of those of natural networks. The second

objective aims to go further, by using the previously obtained descrip-

tors to calculate the GIUHs. Of course, the main assumption is that

the mathematical expressions of the GIUHs proposed in the literature

for natural hydrographic networks are applicable to CSS networks.

This is the case for the Nash unit hydrograph (GN) using

Horton-Strahler ratios and the equivalent Nash unit hydrograph (GNe)

using Moussa-Bocquillon descriptors. Note that the Width Function

(GWF) and the Hayami function (GH) do not depend on morphometric

properties. The results we obtained are mixed: there are four

TABLE 8 Criteria levels for the
adjusted laws: the determination
coefficient ρ for the three Horton-
Strahler laws (RB, RL and RA), the
Rodriguez-Iturbe (noted R-I) power law
(β) and Moussa-Bocquillon N(S); the
Nash-Sutcliffe Efficiency NSE for
Moussa-Bocquillon T(S). The coefficient
of variation cv for Moussa-Bocquillon U
and the three GIUHs descriptors (Tp, gp
and TG)

Horton-Strahler R-I Moussa-Bocquillon GIUH

Catchment
RB RL RA β N(S) T(S) U Tp gp TG

ρ ρ ρ ρ ρ NSE cv cv cv cv

C1 *** * * *** ** * * ** * **

C2 *** *** ** *** *** *** ** *** *** ***

C3 *** *** *** *** *** *** * * *** *

C4 *** * * *** *** *** * *** * ***

C5 *** ** *** *** *** *** * *** *** ***

C6 *** *** *** *** *** *** ** *** *** **

C7 *** * * *** *** *** * ** * **

C8 *** ** * *** *** ** * *** *** ***

C9 *** ** * *** *** *** ** * *** *

C10 *** * * *** *** *** * ** ** **

C11 *** ** * *** *** *** * * ** *

C12 *** *** ** *** *** *** ** *** ** ***

Note: The corresponding criteria levels of ρ, NSE and cv (Table 2) are shown. The exact values of ρ, NSE

and cv are provided in the Data S1 (S9). *** Very good performance. ** Good performance. * Fair

performance.
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subcatchments for which the scaling laws are verified and therefore all

four GIUHs are similar and four subcatchments with some scaling laws

verified with a majority of similar GIUHs. There are also for four sub-

catchments where a majority of scaling laws are not verified, and there-

fore the conditions for the calculation of GN and GNe are not met.

Scaling laws, morphometric descriptors and GIUHs are still not

extensively used in urban hydrology. A major result of this work is to

apply a methodology widely used on natural networks for applications

on urban CSS networks. The major difficulties are related to the

uncertainties in the identification of the urban CSS network, the cal-

culation of the upstream drained area for each pixel, and the non-

verification of certain scaling laws. However, despite the difficulties

encountered, the primary results are encouraging and open many per-

spectives for applications. This section discusses the practical use of

morphometric descriptors in urban areas, and their wider use in urban

hydrological modelling.

5.1 | Practical use of morphometric descriptors in
urban areas

The methodology put forward in this work involves three steps:

(i) selection of catchments; (ii) calculation of morphometric descrip-

tors; (iii) calculation of the hydrological signatures of the GIUHs.

To illustrate the methodology developed in this work, we have

chosen the network of the Parisian region which has largely evolved

over the last two centuries. This choice is based on the network's

unique structure. Twelve subcatchments were selected to illustrate

the methodology on a large number of sites, and to show a possible

spatial variability of the morphometric descriptors. It is obvious that

the numerical values of the descriptors and the corresponding GIUHs

are specific to each catchment, but some properties of scale invari-

ance and the range of variation of the descriptors could be considered

as characteristic of this type of urban network and therefore transpos-

able to other similar networks. Note that for other applications on

urban areas, the catchment outlet can be also be set at the right of

certain installations, namely storm overflows or lifting stations, which

constitute points of discontinuity for the network.

The methodology proposed in this work uses as an example, three

categories of scaling laws (Horton-Strahler, Rodríguez-Iturbe and

Moussa-Bocquillon) and their corresponding morphometric descrip-

tors. However, many descriptors have been proposed in the literature

such as Hack's law, Gravelius, Tokunaga, etc. and others more adapted

to the complexity of urban zones (Gudmundsson & Mohajeri, 2013)

can be easily added. These descriptors were largely used for channel

network comparison and classification (Moussa, 2008, 2009). How-

ever, they depend on the channel network topology. On natural

catchments, Digital Elevation Models (DEMs) are generally used to

automatically extract the channel network using various algorithms.

The extracted channel network will depend on the type of the DEM

and the method used to extract it. In urban areas, the problem

becomes more complex because the network does not necessarily fol-

low the topography and certain parts of the network are not mapped.

Gironás et al. (2009) proposed a method using the DEM but con-

strained it by the urban network, which is true for the stormwater

network. Recently, Blumensaat et al. (2012), Allard (2015), Lagesse

(2015), Chahinian et al. (2019) and Chancibault et al. (2020) proposed

new and original algorithms to identify urban networks that are often

located under the street network. Improving methods for identifying

and mapping the sewer network is a major challenge for obtaining

better quality data in urban areas. Finally, morphometric descriptors

can be used for generating virtual channel networks in urban areas.

Simulating urban hydrology using actual sewer networks can be

tedious. Therefore, the rapid generation of artificial networks is of

considerable interest. Ghosh et al. (2006) present an application for

generating artificial sewer networks using the dendritic and space fill-

ing ‘Tokunaga’ fractal tree geometry, Bonnet (2009) proposes a model

to simulate channel network genesis and landscape erosion, and Borse

and Biswal (2023) a model to explain river network evolution.

The GIUHs can be considered as hydrological signatures character-

izing the channel network's hydrological response during flood events.

In this work four GIUHs were compared: the Width Function, the Nash,

the Nash equivalent and the Hayami formulations. Additional GIUHs

could be easily added and compared. The GIUH represents the catch-

ment response to a unit rainfall. The simplest and most widely used

assumption assumes spatially uniform rain and a uniform runoff coeffi-

cient. This approach has been extended to represent variable rainfall in

space (Moussa, 2008) or to take into account the spatial variability of

rainfall and the runoff coefficient (Andrieu et al., 2021). These new

approaches allow the calculation of GIUHs taking into account the spa-

tial variability of rainfall and land cover, and thus make it possible to test

the impact of future scenarios of change in rainfall or land use. More-

over, little physical evidence exists on how such signatures change in

time as a function of drainage network evolution. For example, Bennett

and Liu (2016) studied rill genesis using morphometric properties such

as Hack's law evolution once the network began to grow, Cheraghi et al.

(2018) studied the properties of channel networks with time evolution

during a laboratory experiment and Jovanovic et al. (2019) calculated

network properties depicting the urban development and stormwater

network at different times. Finally, given that the GIUH can be consid-

ered as a “probability density function”, this methodology can be

extended by replacing the upstream drained area by the quantity corre-

sponding to the variable of interest (i.e., pollutants, sediments, number

of inhabitants, etc.).

5.2 | Application in urban hydrological modelling

Morphometric descriptors have been integrated into some hydrological

models used on natural catchment (Jeffers & Montalto, 2018), but very

few applications have been carried out in urban areas. For example, Bis-

wal and Marani (2010) and Biswal and Kumar (2013) studied the link

between morphometric descriptors and key recession curves properties

through a conceptual geomorphological recession flow model. Di Laz-

zaro and Volpi (2011) modelled the effects of hillslope dynamics and

network geometry on the scaling properties of the hydrologic response.

ACHOUR ET AL. 15 of 20



Incorporating channel network morphology into stream modelling

using GIUHs is also a well-accepted scientific practice now in hydro-

logical modelling. However, very few attempts have been made so far

to use channel networks for modelling total flow, not just flood flow.

Recently, Biswal and Singh (2017) proposed to model the total flow

partitioned into surface flow and subsurface flow, which are both then

modelled separately by constructing channel network morphology

based on GIUHs.

Finally, operational applications can be considered such as the

design of urban infrastructure networks to enhance their resilience to

external and internal threats (Krueger et al., 2017).

6 | CONCLUSIONS

While morphometric properties of channel networks, scaling laws and

Geomorphological Instantaneous Unit Hydrographs (GIUHs) have

been largely studied on natural channel networks which have the

properties of Optimal Channel Networks (OCNs), very few applica-

tions were carried out on non-OCN artificial channel networks such

as combined sewer networks in urban areas. Therefore, questions

may rise as to whether the scaling laws established for OCNs may also

be true for non-OCN sewer networks, and if these laws are verified,

how they may impact the shape of the GIUHs?

In this work, applications were carried out on the CSS of the

Greater Paris which was subdivided into 12 nested subcatchments.

The Greater Paris CSS presents several specificities related to its evo-

lution and extension during centuries, and its adaptation to the partic-

ular case of the city of Paris. In smaller towns location maps may be

inaccurate or the network's topology, mainly node connectivity, may

not available for some areas. Hence, the sewer network topology is

not easily available as it is the case for Digital Terrain Models and nat-

ural river networks. An important digitization work of the Greater

Paris CSS was necessary and constitutes a primary step before any

treatment of the morphometric properties.

A two-step methodology is put forward in this work. First, the

morphometric properties are analysed using the reference Horton-

Strahler, the power law of Rodriguez-Iturbe and the scaling laws of

Moussa-Bocquillon. The results show that Horton-Strahler's law

of bifurcation is generally verified while the two laws of length and

areas are not verified for the majority of the twelve catchments.

Moreover, the ratios RB, RL and RA are not in the same range of values

as those of natural catchments. Rodriguez-Iturbe's scaling law is veri-

fied for all the catchments but with different values of the regression

line slope which ranges between 0.4 and 0.5, in comparison to 0.43

for OCNs. Moussa-Bocquillon's laws of source nodes N(S) and total

channel length T(S) are verified for a large majority of the twelve

catchments with slightly different values of the descriptors in compar-

ison to OCNs. Similar values are produced for Moussa-Bocquillon's U

constant in comparison to OCNs but with high values of the coeffi-

cient of variation. Moreover, Moussa-Bocquillon's morphometric

propreties show stability for both OCNs and CSSs.

The second step uses these morphometric properties to calcu-

late four Geomorphological Instantaneous Unit Hydrographs GIUHs:

the reference Width Function (GWF), the Nash unit hydrograph (GN)

using Horton-Strahler ratios, the equivalent Nash unit hydrograph

(GNe) which is an improvement of the previous one using Moussa-

Bocquillon descriptors, and the Hayami function (GH) solution of the

diffusive wave equation. When comparing the GIUHs, the GNe, GH

and GWF produce similar maximum value of the GIUH and time to

peak values for the CSSs, unlike the GN obtained using Horton-

Strahler's ratios, whose response differs the most compared to the

other three functions. The GNe's response is very consistent when

compared to the one obtained by the diffusive wave model and the

width function, but is contrary to the GN's. Finally, we have identi-

fied four catchments for which the scaling laws are verified and

therefore all GIUHs are similar. On the other hand, for four catch-

ments the scaling laws are not verified and this strongly impacts the

GIUHs.

This method's full potential has not been completely investigated

yet. Indeed, the method can be extended to follow the evolution of a

catchment over time and highlight the effect of urbanization on its

response (Bunster et al., 2019). Furthermore, landuse can be better

accounted for by spatially distributing the runoff coefficient for each

pixel of the catchment or be relating it to the number of connected

units in the case of agricultural or urban catchments. This method

must be applied on a larger number of CSSs to verify its efficiency in

the determination of the hydrological response of urban catchments.

This would allow for a better anticipation of water and pollutant

arrival times in case of combined sewer overflow and improved opera-

tion of wastewater treatment plants.
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APPENDIX A: LIST OF NOTATIONS

Aw: mean area contributing to streams of order w and its tributary

1≤w ≤Ωð Þ (Equation 3).

b: parameter in Moussa-Bocquillon law T(S) (Equation 6).

CSS: combined sewer system.

D: dispersion (Equation 12).

GIUH: Geomorphologic Instantaneous Unit Hydrograph.

GN: Nash unit hydrograph.

GNe: Nash unit hydrograph equivalent.

GH: Hayami function based GIUH.

GWF: Width Function based GIUH.

gp: Maximum value of the GIUH.

L: mean length of distances from each pixel in a catchment to the out-

let (Equation 11).

Lw: mean length of streams of order w (Equation 2).

LΩ: length of the channel of order Ω.

m1: parameter in Moussa-Bocquillon law T(S), corresponding to

m1 = T(S1) (Equation 6).

N(S): Moussa-Bocquillon law of number of source catchments (Equation 5).
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Nw: number of streams of order w (Equation 1).

non-OCN: non Optimal Channel Network.

OCN: Optimal Channel Network.

RA: Horton-Strahler area ratio (Equation 3).

RB: Horton-Strahler bifurcation ratio (Equation 1).

RL: Horton-Strahler length ratio (Equation 2).

S: threshold area of upstream catchments used in Moussa-Bocquillon

laws (Equations 5, 6 and 7).

S1: threshold area such as the number of source catchments N(S1) = 1

and N(S1 � ε) = 2 (Equation 6).

S0: catchment area (Equations 5, 6 and 7).

TG: time of occurrence of the centre of gravity of the GIUH.

Tp: time of occurrence of maximum value of the GIUH.

T(S): Moussa-Bocquillon law of channel network total length

(Equation 6).

v: velocity (Equation 9 and 11).

w: order of the channel network following the Horton-Strahler

classification.

α: parameter in Moussa-Bocquillon law N(S) (Equation 5).

β: parameter in Rodriguez-Iturbe power law (Equation 4).

Γ: gamma function (Equation 8).

λ: parameter in Moussa-Bocquillon law N(S) (Equation 5).

Ω: magnitude or largest stream order.

APPENDIX B: PROCEDURE TO EXTRACT THE NETWORK

CHARACTERISTICS OF THE GREATER PARIS CSS

Geographic Information Systems offer many functionalities to extract

the hydrographic network from Digital Elevation Models (DEM) using

the D8 algorithm (O'Callaghan & Mark, 1984; Tarboton &

Ames, 2004; Tarboton et al., 1991). However, the network in urban

areas cannot be extracted from the DEM, and the flow does not fol-

low the greatest slope at the ground surface. For this, we have devel-

oped specific procedures using functions available both in commercial

and open-source GIS systems.

To compute the above morphometric descriptors and the GIUHs

of a natural or urban catchment, a script based on ArcGIS 10.8 func-

tions and coded in Python is developed. The first step consists in

defining the catchment and identifying its hydrographic network. In

the case of natural catchments, these two tasks are carried out using

the ArcHydro library functions and a DEM. In the case of the Greater

Paris combined sewer system, the database provides the catchments

that correspond to each subcatchment and its network.

Through these files (network and catchment) the main raster is

extracted: it is the raster of directions as defined by the D8 principle.

This raster is obtained through the “Euclidean back direction” func-

tion, implemented in ArcGIS, which allows sending each cell to the

nearest junction of the network by assigning it a direction value in

degrees. Then these directions are modified into D8 form (each cell

can be drained to a single upstream cell according to 8 drainage

directions) so that this file is compatible with the ArcHydro library

that is then used to extract the morphological and hydrological

properties.

Regarding the Horton-Strahler laws, the classification is done

manually, and the numbers, lengths, and drained areas of each stream

order are calculated in the attribute table of the network. Then Equa-

tions (1), (2) and (3) are computed in Python to draw the graphs and

extract the Horton Strahler parameters (RB, RL, and RA).

To classify the internal and external nodes, and to calculate the

geomorphological relationships (number of external points and total

length of the network for a given threshold area), a loop of iterations

is created, which takes as a hypothesis a value of threshold area and

extracts the cells of the network that are able to drain at least this

value through the “Stream Definition” from ArcHydro tools and then

calculates the total length of the resulting network and the number of

external points by using the “Data management” library of ArcGIS.

Based on these results, the three graphs corresponding to Equa-

tions (4), (5) and (6) are generated and the equivalent Strahler parame-

ters are determined (Equation 10).

In order to verify the power law, the raster of the accumulated

drained surfaces must be calculated. The “Flow accumulation”
function of ArcHydro is used to generate this raster using as input

the raster of the drainage direction and the shapefile of the drain-

age network. In the attribute table of this raster, we find the num-

ber of cells that drain a specific area. This table is transformed into

a list in python, and then the graph corresponding to the probability

that a catchment cell drains at least a specific surface is generated

and the slope of the curve (ϴ) corresponding to the power law is

calculated.

For the width function, the flow distance function is used, which

assigns a value for the distance to the outlet for each cell. The gener-

ated raster data are then used to calculate the normalized width func-

tion and also the diffusion parameter (Equation 12 for the Hayami

Equation 11).

This catchment property has been determined by the Flow Dis-

tance function in ArcMap. The normalized width function (GWF) (its

integral is unitary) is represented as a function of time to compare the

resulting catchment response to the other three GIUHs (Figure 6).
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